Spinor extended Lorentz-force-like equations as consequence of a spinorial structure of space-time J. Math. Phys. 48, 022902 (2007) Following Plebanski and Robinson, complex V.s which admit a congruence of totally null surfaces are shown to have coordinates which, in pairs, have a spinor structure which generates the usual spinor structure of the 2-forms over the space. This structure allows Einstein's vacuum equations to fracture into three triples and a singlet, which allow for easy reduction of the entire set to one nonlinear partial differential equation needed for consistency. An inhomogeneous GL(2, C) group of coordinate transformations, constrained to leave the tetrad form invariant, is constructed and used to simplify the equations and clarify the geometrical meaning of the parameters introduced during the integration process.
INTRODUCTION
The analytic continuation of general relativity, with emphasis on complex Einstein-flat four-dimensional spaces endowed with purely self-dual conformal curvature (heavens, according to the N ewman-Penrose terminology!), was studied in a previous series of papers. [2] [3] [4] [5] [6] The present work is the second of a new series of studies, being an extension along lines initiated by Plebanski and Robinson. 1 They found that if the conformal curvature is algebraically degenerate from (at least) one side-that is, e. g., the self-dual part of the conformal curvature tensor is algebraically degeneratethen all quantities on the manifold can be written in terms of a canonical tetrad such that Einstein's equations in vacuum may be integrated up to the very end, reducing the problem of such a (complex, minimally degenerate) gravitational field to the solution of one partial differential equation of second order, involving only quadratic nonlinearities. (This equation contains as a very special case the heavenly equation of Ref. 2, and is therefore called the hyperheavenly equation.) It is to be noted that the existence of this tetrad is already guaranteed by the totally null surface which Ref. 3 guarantees us that such a space must have. [These important null (extremal) 2-surfaces have also been called twistor surfaces by Flaherty. 8] We use the notation and techniques of this series of papers, particularly Ref. 2. (For real tetradial formalism one could also see Ref. 9 .) The spinorial ideas used relative to the structure of the coordinates in these spaces were first developed for heavenly spaces in Ref. 6 . In Sec. 2 we write the metrics of both cases of Ref. 7 in a uniform spinorially-based notation, which is chosen to emphasize as much as possible the existence of the congruence of totally null surfaces, thus making it easier to see how the "crystal structure" of Einstein's vacuum equations may be splIt apart. We then determine the general form of the connections and the Riemann tensor, and define a group of automorphisms of the space which preserve the forms of the tetrad, as natural changes in the (arbitrary) parametrization of the various null surfaces in the congruence. We also show the natural relationship of the intrinsic spinor structure of the coordinates to the usual spinor spaces defined over the manifold. 2207 Journal of Mathematical Physics. Vol. 17. No. 12. December 1976 In Seco 3 we show how the complete set of Einstein vacuum field equations "fractures" into three triples corresponding to helicityl0 + 1, 0, and -1, and a singlet equation, which, when solved in the proper order are very amenable. Then, having reduced the problem to the solution of the hyperheavenly equation for W, a function of all the coordinates, we may recast the components of the conformal curvature into their (simple and plausible) form as functions of Wand the integration parameters which appear.
In Sec. 4 we show how one easily makes a choice of conformal factor to get to the case I of Ref. 7. At each step in both Secs. 3 and 4, we show how one may take advantage of the particular group of automorphisms so as to both simplify the resultant equations and emphasize the geometrical content of the parametrization. In appendices we give some of the more complicated details of the calculations used to reduce Einstein's equations, as well as to show how the results should be (trivially) modified if one wants to include a nonzero cosmological constant. 11
INTRINSIC SPINOR FORMALISM
We start off by insisting only that our (complex) spacetime admit a congruence of totally null surfaces. These surfaces can be described by the (closed) 2-form Since we have started out with a real V 4 and complexified it, we may always look upon it as some sort of formal direct sum of two two-dimensional complex spaces in a fairly simple way. 12 However, we intend to show that, because of the existence of a totally null congruence in this space, this correspondence may be thought of as indicating important underlying structures of such spaces. To this end, then, we proceed to look upon the coordinates, in pairs, as forming spinors:
where, being spinors, the indices of qi.. and pB are manipulated in the usual way: (2.6) and similarly for pB, as well as being subject to transformations from spinor-type groups such as SL(2, C). We will say much more, later, about the transformation properties of these coordinate spinors. It should also be pointed out that the spinor indices are dotted because of the fact that our tetrad puts us in a space where it is the left-conformal curvature tensor (the self-dual part) which is algebraically degenerate instead of the anti-self-dual part. (The two situations are, of course, isomorphic, and this choice is made to follow the notation of Ref. 7.) When identification of these spinor indices is made with the usual spinor indices in the spinor form of general relativity, it will be found that these were the correct identifications of type of indices.
We may then discuss the (complex) cotangent (and tangent) spaces at each point on the manifold, where the pairing of the four coordinates into two spinors suggests that we, instead, actually look at the two-dimensional spinor cotangent and tangent spaces. We proceed by rewriting the tetrad as with the metric given by we see that QAB is that which distinguishes the metric from being trivially flat, and, as such, determines the character of the metric as a double Kerr-Schild metric. 13 In particular, if we define (2.11) where the factor rp-2 has been inserted for later convenience only, it is the vanishing of ~ which causes degeneration to an ordinary Kerr-Schild metric.
We also exhibit explicitly a basis for the (tangent) sp'aces dual to the (cotangent) spaces spanned by e1 and EA. These are
By using the phraseology that these are dual, one to another, we mean, among other things, that one may write out the exterior derivative, in this baSis, as (2.13)
At this point we should point out that, because of the . usual chain rules for calculus and the desire to have CIA mean a/ap;., where PA=E;.ilpB, it is necessary to raise and lower spinor indices in the tangent spaces oppositely to those in the cotangent space:
a A_EABa· a'-E"aB (2.14)
where, of course, the same rules follow for a A and al aqA, as well. One could also see the necessity for this reversal by noting that it ensures that there is a welldefined action of the cotangent spinors on the tangent ones. That is, if aA is a tangent spinor and LA a cotangent one, then +LAa A = +LAa A , instead of the more usual situation with only one spinor space in which, e.g., pAqA=_P;.qA.
We now list the bases for self-dual and anti-self-dual 2-forms in their usua1 -e /\ e + e /\ e , 2e /\ e (2. 15b)
We may then calculate the commutation coefficients and the connections in the standard way, with the results
We have used wab for the Riemannian connection on our (four-complex-dimensional) manifold and r AB, r AB for the usual induced spinor connections. (The symbol Jl is an abbreviation for ol¢ which is a quantity which will reappear many times. ) In both these sets of equations one sees a connection between the (usual) spinor indices on the 2-form bases and the connections, and the spinor indices inherited from the component spinors in this particular tetradial representation. That is, the antiself-dual (hellish) quantities are such that the indices have a 1-1 correspondence, while the self-dual (heavenly) quantities are without free spinor indices in this basis, and therefore are scalars under homogeneous SL(2, C) transformations.
The relations given so far are moderately complicated, but it must be remembered that they are completely general. They will simplify greatly after appropriate gauging and solution of Einstein's equations are accomplished. Now, by calculating Cartan's second curvature form and comparing coefficients as usual (see, e. g., Refs. 2 or 7) we may determine the spinor forms of the curvature quantities:
which determine the conformal curvature, and the quantities which determine the Einstein tensor
Having, now, general formulas at our disposal, we want to investigate to what extent gauge freedom can help in simplifying the equations. In particular, there is reason to believe that no essential physics lies in a particular parametrization of our totally null congruence-the variables qA' Therefore, we wish now to consider a transformation to new parameters q'R=q'R(ql), only restricting the transformation to be invertible. In addition, since this particular tetrad form is known to be.useful, we will determine new longitudinal coordinates p's in such a way as to be able to have the form of the new tetrad in terms of the new variables the same as 2209 J. Math. Phys., Vol. 17, No. 12, December 1976 the form of the old tetrad in terms of the old variables. The purpose of this will be to determine the transformation properties of the various quantities entering into the equations so that we may determine the underlying geometrical significance of the various "constants of integration" entering into the solution of Einstein's equations in such a way as to both simplify the procedure and simplify the interpretation.
We therefore set 
where a'R are functions of ql only and T is the determinant of the transformation matrix T RA. Therefore, we see that the longitudinal variables must go into ql-dependent linear combinations of themselves modulo possible inhomogeneous terms, which tell us that it is not particularly important which surface of the congruence is labeled which.
Continuing with straightforward calculations, one finds that
Remembering that T/'· is an element of Gi(2, C), we see that the anti-self-dual basis forms transform effectively under SL(2, C), while the self-dual ones transform by a simple 8L(2, C) representation of the differences between our inhomogeneous GL(2, C) and SL(2, C). (We use the tilde over quantities without indices to indicate that they refer to notions in the antiself-dual subspace as opposed to the self-dual one. See Ref.
2 for a more general diSCUSSion of the full transformation group. ) Analogously one also finds
Among other things which will be useful later, these equations say that C / (3) = C(3).
SOLUTION OF EINSTEIN'S EQUATIONS IN VACUUM
Referring to Eqs. (2.18), we can immediately integrate the first triple of equations, which asserts the existence of a spinor J). and a quantity K, both functions. A convenient choice is Ki =Jj, Ki =-J 2 • We may use this pair of (basis) spinors, thus naturally defined, when needed, to decompose the spinor coordinates into "scalar" coordinates.
The next equation to attack is the one for the curvature scalar. Here we setR=O, but see Appendix B where we show how to include a possible cosmological constant A. Using the fact that J). and K are constants, we find that We may now integrate this equation to find A C. However, first we note that Einstein's vacuum equations separate into three triples and a singlet. The C 11AB triple is of the form aAohA+=O for A+=¢. By use of the scalar equation and the A+ triple, we are able to rearrange the second triple to read aAoBAo=O. We will find, in addition, that this is sufficient information to allow us to rearrange the third triple to the form a A a 1lA_, where A_ is yet to be defined. It is this particularly simple end form which makes this particular approach successful and which shows up the basic structure of the equations. 
We may therefore choose p so as to give /l whatever constant value we might want. (That constant is essentially just a scale factor.) We will not take advantage of this at this time, but it is a very useful thing to do when dealing with the metric for other calculations, such as trajectories or Killing vectors.
We may now proceed to the consideration of the last triple of equations. They can be rearranged, by virtue of our current information, to take the form We may insert Eq. (3.15) into the forms for the curvature quantities, and find that the self-dual ones simplify considerably as a result: (4.5)
It is worth pointing out two special facts about the gauge group in this case. Since we have let J;. vanish, there is no longer any constraint on the group discussed in Sec. 2, to maintain JA. constant. Much more freedom is allowed than previously: the entire GL(2, C) group, but with p = 1. By using the limiting value of Eq. (2. 22),
we find that such a form-invariant. transformation generates a new connection spinor F,R such that (4.6) There is clearly considerable freedom to regauge F'R, in this way. One may, for example, choose f' =g', which would make the form of U AB much simpler.
There is, also, another way to simplify the equations in this cas e; if (4.7) where L ADG is totally symmetric, then the form of QAB is changed, but the role of FA is not altered in the connections and conformal curvature. Therefore, one may use L Anc to "simplify" the form of QAB or, more impo rtantly , of A_. One can also use this freedom to "explain" the occurrence of the somewhat unnaturallooking U AE in this expression. That is, it jus t corresponds to a particular choice of L ABC generated by the convenient form we had found for the more general form of the metric, with conformal factor. By insisting on not qaving terms in A_ which are other than first order in FA (or zeroth order), we find that a very useful choice for LAne exists: and making minor changes in A_ which will not be given here explicitly, but are easily performed via Eq. (4.7).
CONCLUSIONS
Our results may be summarized by pointing out that we have shown that Einstein's vacuum equations split into three triples and a singlet which, when in the presence of the minimum possible amount of algebraic degeneracy for a complex V 4 , are amenable to reconstruction in the form aAaliA", =0, a = +, 0, -, introducing three spinors and three scalars (along with the cosmological constant as a scalar, from the tenth equation) as constants of integration-that is, functions of qc only. We have utilized a group of coordinate and tetrad transformations which leave form-invariant the tetrad, and thereby the metriC, which has the interpretation of a reparametrization of the surfaces in the congruence of totally null surfaces which the space possesses by virtue of the (minimal) algebraic degeneracy of its conformal curvature tensor. This group is originally an inhomogeneous version of GL(2, C) times a simple representation of SL(2, C) generated by the inhomogeneities where, of course, 61(2, C) acts on the dotted indices and SL(2, C) on the undotted ones. During the derivation of the general solution it was deemed desirable to restrict somewhat the available gr;oup parameters by restraining ¢ to be a function of J)A only. However, we point out that, once the solution is found, we may always retrieve the more general situation by the action of the group once again.
We have also shown how to generate both cases of Ref.
7 from a uniform formalism, and how to incorporate a nonzero cosmological constant into the equations. It is to be hoped that this is only a start toward a complete investigation of many of the properties of these spaces, whose real cross sections certainly include most of the solutions currently known. Work is progressing on study of the Killing spinors which they possess, as well as other properties.
APPENDIX A
We want here to outline, in somewhat more detail, the calculations leading to the derivation of the form of the hyperheavenly equation given in Eqs. (3.14) and (3.15). We first note a few lemmas which are easily proven or well known, but perhaps unfamiliar in spinor language. ''D+Nc'''D, i.e., it must, of course, just be linear in pB. We need a final statement about the equation
As may be checked by insertion, the solution is given by
where 17"* 1,2.
From Eq. (3.4), we easily infer the existence of a scalar C .such that a n rp-3QH=;oAC. Now we pick some spinorA~ suc.h ~hat C=tonAB, ,from which we have that oli (AA iIJ_Eq. (3.5) . Therefore, the second triple of equations is 
Using Eq. (A2) for n = -1, we acquire the result
However, if, as pointed out in Eqs. (3.9), we first regauge the right-hand side of Eq. (A3), we clearly get just Eq. (3.10), from which Eq. (3.11) follows directly.
We must now rearrange the third triple, which is the most complicated tal"k so far .
•. Using the constancy of J A , which implies tfccp = cp2QCDJ D, and Eq. (2. ISb) gives
The last two terms can be manipulated to give
which implies
The spinor Xii is d~fined by this equation only to within a linear term in pA, so we may take
where a will be determined conveniently later. We define the first term on the right-hand side of this equation to be Z il and return to it shortly. Using Eq. (3.5) the rest of the terms on the right-hand side, excluding O'PiJ, can be written as 
APPENDIX B
In order to include a nonzero cosmological constant, we must solve (Bl) from Eq. where a, {3, and yare arbitrary func tions of q c such that 60' -4{3 + y does not vanish. The choice given above is just {3=O=y and is the simplest choice. However, for purposes of making the transition to the case cp = 1, other choices such as 0'= {3 = 0 are best. We continue now, in the general case with just Eq. (B2). Then, noting that A is, of course, a constant, we proceed to integrate the third triple. The quantity XiJ in Eq. (A4) has exactly the same form as before, but now the QAB within it contains A terms. We easily follow through the same derivation as in Appendix A, with the result that we must add a single additional (A-dependent) term to A_; i. e., to the hyperheavenly equation 
If, on the other hand we want to "add" A to the solution with </> = 1, we take Eq. (B3) with 0'= {3=0 and let J A vanish, along with all the other concommitant quantities which must vanish. Then a convenient regauging is performed, and we obtain the appropriate formulas for Case I (</>=1):
A_ -~(oAoBe)(o AOBe) + oAoe/oqA + pAo Ae -~ pApBoAo Be +-A-(FA pA )2 +tpApBOp B/oqA -A(pAa Ae -e), (B6) where, in the language of Sec. 4, another choice of LABc has been made relative to the form of A_ derived there which, although it has the disadvantage of generat-ing quadratic terms in FA, has the advantages that (1) it makes the additional A-dependent terms take on their simplest possible form ang ,(2) it does not need any ad hoc spinors, such as U AB , for its description. Another way of looking at this last comment is just that this, in Case I, is the "natural" gauge for FA, from which all the others may be generated by an (arbitrary) assumption of a particular form fOF. LHc Phys. 16, 2395 Phys. 16, (1975 .
